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Abstract— A particular problem in Air Traffic control
Management (ATM), the runway crossing control problem,
is considered to motivate the extension of the notion of
observability for hybrid systems to yield the notion of critical
observability. In this problem, various agents are present, and
some of them are humans, modelled as hybrid systems, subject
to situation awareness errors that could lead to catastrophic
events. The problem is to detect the errors immediately to
prevent them to cause these catastrophic events. Hence, the
classical notions of observability for hybrid systems need to be
extended to consider critical observability, whereby hazardous
states have to be detected in one step of the Finite–State
Machine component of the hybrid system. Conditions for the
existence of an observer for critical states are also given and
a procedure for its computation presented.

I. I NTRODUCTION
In an Air Traffic Management (ATM) closed–loop system with mixed computer–controlled and human–controlled
subsystems, recovery from non–nominal situations implies
the existence of an outer control loop which has to identify
these situations and act accordingly to prevent them to
evolve into accidents. We present an algorithm for assisting
human operators in detecting critical situations and avoiding
propagation of errors that could lead to catastrophic events.
Estimation methods and observer design techniques are
essential in this regard for the design of a control strategy
for error propagation avoidance and/or error recovery. Various aspects need to be taken into account in the study of
error detection for ATM:
1) Psychological models which can be used for the study
of ATM;
2) Stochastic hybrid models describing the dynamics
involved in error evolution control, capturing the
essential features of ATM;
3) Observability and observer design for these hybrid
models;
4) The applicability of theoretical results on observers
to a realistic ATM situation.
In this paper, we focus on the last two aspects. More
precisely, we consider as a non trivial case–study, the so–
called active runway crossing control problem. In particular,
we concentrate on the design of an observer for generating
an alarm when critical situations occur, e.g., an aircraft
crossing the runway when another aircraft is taking off.
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The observer construction methods present in literature,
such as the observer proposed in [1], are based on the
notion of K–current–state observability. A hybrid system is
K–current–state observable if any discrete location of the
hybrid system can be identified by the use of the discrete
outputs, after a finite number K > 0 of discrete transitions.
In this definition, the number K is generic. However, in
our application, we need the bound on K to be zero for critical states, to prevent the evolution of errors into catastrophic
situations. To solve the problem of critical observability, we
build on the work presented in [1], and the one on fault and
error detection in prescribed time horizon [10], [14]. To do
so, we extend the definition of observability to a subset of
critical states of the agent hybrid system to yield the concept
of critical observability. We then present how to design an
observer based on this definition to verify the observability
of critical states. A similar result is presented in [15], where
a definition of immediate observability is introduced, and
necessary and sufficient conditions are given to satisfy this
property. However, our results differ from this paper in two
aspects:
• Immediate observability is required for all the states
of the system, while here we are looking for milder
conditions regarding the observability of those discrete
states marked as “critical”, namely connected with a
possible hazardous situation for the process the system
is modelling.
• We are interested in the extra information needed to
make the property of critical observability hold, more
than on the analysis of a given system
The paper is organized as follows. In Section 2, we formulate the problem and we review results on observability
for hybrid systems. In Section 3, we introduce the notion
of critical observability and we offer conditions for the
existence of critical observers for a class of hybrid systems.
In Section 4, we apply these results to the runway crossing
problem. In Section 5, we offer concluding remarks.
II. D EFINITIONS AND P ROBLEM S ETTING
A. Preliminary Definitions
We consider a hybrid system H with N locations
q1 , · · · , qN . Each location identifies the continuous dynamics described by the equations
ẋ = Ai x + Bi u,

y = Ci x,

i = 1, · · · , N

(1)

with Ai ∈ IRn×n , Bi ∈ IRn×m , Ci ∈ IRp×n , x ∈ X ⊆
IRn the continuous state, y ∈ Y ⊆ IRp the continuous
output, and u ∈ U ⊆ IRm the system input. As in [1], we

suppose here that systems (1) are observable, although this
assumption may be relaxed.
The discrete event dynamics are given by a nondeterministic generator of formal language [18]
q(k + 1) ∈ δ(q(k), σ(k))
(2)
ψ(k + 1) = η(q(k), σ(k), q(k + 1))
σ(k) ∈ φ(q(k))
with k = 0, 1, 2, · · ·, q(k) ∈ Q the discrete location,
ψ(k) ∈ Ψ the output symbol, σ(k) ∈ Σ the k th input
symbol, which takes place
© at time tkª and forces
© the discrete
ª
evolution.
Here
Q
=
q
,
·
·
·
,
q
,
Σ
=
σ1 , · · · , σs ,
1
N
©
ª
Ψ = ², ψ1 , · · · , ψr , with ² the null event, are the finite
sets of locations, input and output symbols. Moreover,
δ: Q × Σ → 2Q ,

φ: Q → 2Σ ,

η: Q × Σ × Q → Ψ

are the transition, the input, and the output functions (in
general these are partial functions, i.e. not always defined).
The initial state is a state q0 ∈ Q0 ⊆ Q. The function
φ specifies the possible input events σ. The functions δ,
η can be extended in the usual way to accept sequences
σ0 σ1 · · · σk−1 σk ∈ Σ ∗ , with Σ ∗ the monoid on Σ [18]
[ ¡
¢
δ q 0 , σk
δ(q, σ0 · · · σk−1 σk ) =
q0

η(q, σ0 · · · σk−1 σk , q 00 ) = η(q, σ0 · · · σk−1 , q 0 )η(q 0 , σk , q 00 )
for q 0 ∈ δ(q, σ0 · · · σk−1 ) and δ(q 0 , σk )!, η(q 0 , σk , q 00 )!
(“!” indicates that the partial function is defined for the
given arguments). If sm = σ0 σ2 · · · σm−1 is an input
sequence of length |sm | = m, the measured output is
pm̄ = ψ1 ψ2 · · · ψm̄ , whose length is |pm̄ | = m̄ ≤ m since
some η(q 0 , σk , q 00 ) can be the null event ².
The hybrid system H considered here is described by
systems (1), (2). The action of the discrete dynamics on the
continuous ones is the change of the equations (1) when
a location transition takes place. On the other hand, the
action of the continuous dynamics on the discrete ones is
the change of location when the continuous state x and/or
the continuous control u belong to some region or when
the system trajectory hits some boundary. These reciprocal
actions can be modelled by the so–called guard and reset
functions (see [13] for details).
To define correctly the evolution of a hybrid system H,
one introduces a hybrid time basis [13] τ = {Ik } ∈ T ,
k = 0, 1, 2, · · ·, of H as a finite or infinite sequence of
intervals Ik = [tk , t0k ] such that
1) Ik is closed if τ is infinite; Ik might be right–open if
it is the last interval of a finite sequence τ ;
2) tk ≤ t0k for all k and t0k−1 ≤ tk for k > 0.
The length of the hybrid time basis is |τ |.
Given a hybrid system H and a time basis τ , we suppose
that for each state q ∈ Q, there exists a minimum dwell
time ∆m (q) such that
£
¤
t0k − tk ≥ ∆m (q) > 0,
∀ k ∈ 0, |τ | − 1
with q(k) the state for t ∈ Ik , σ(k) the input at t = t0k , ψ(k)
the output at t = tk (ψ(0) = ²). Roughly speaking, The
minimum dwell time for H is the minimum time elapsed
between two consecutive transitions, namely the minimum
time of permanence in a given state q of H.
An execution χ of H is a collection χ = (τ, q, x), with
x, q respecting the dynamics (1), (2) and their interactions
(guard and reset functions).

B. Observer’s Construction
The output sequences ψ1 ψ2 · · · ψk of H can be used to
determine the current discrete state q, possibly at intermittent time instants (i.e. not at each time instant).
In [16], observability in the case of partial output observability was defined. A procedure was proposed for
the construction of a finite state machine O that, under
appropriate conditions, can provide intermittent observation
of the discrete state of H. In ATM, an intermittent detection
of the discrete state is not acceptable because of the need
of observing “hazardous states immediately. By the same
token, K–current–state observability, presented in [1], is not
suitable for ATM as well.
Nevertheless, an observer that gives an estimate of the
discrete state of H will be the starting point of our developments. For this reason, we first present such an observer.
The procedure for the construction of a (discrete) state
observer
n
o
O = Q̂, Ψ̂ , δ̂, q̂0 , φ̂, η̂
(3)
for H is rather standard, although it is different from
those given in [16] and [1], and is based on the iterative
construction of the state transition function δ̂: Q̂ × Ψ̂ → Q̂
induced by the function δ as follows
n
δ̂(q̂, ψ): = q ∈ Q | q ∈ δ(q 0 , σs)! for q 0 ∈ q̂,
σs ∈ Σ ∗ such that η(q 0 , σ, q 00 ) = ψ =
6 o²
00
00
0
andη(q , s, q) = ² · · · ², q ∈ δ(q , σ)
where Ψ̂ = Ψ \ {²} is the set of inputs (the outputs of H),
and Q̂ ⊂ 2Q is the observer state set obtained as the set
of states q̂ for which δ̂(q̂, ψ)! for some ψ ∈ Ψ̂ . The initial
state of the observer is
[n
q̂0 : = Q0
q ∈ Q | q ∈ δ(q0 , s)! for q0 ∈ Q0 ,
o
s ∈ Σ ∗ such that η(q0 , s, q) = ² · · · ² .
The input function φ̂: Q̂ → 2Σ̂ is clearly
n
o
φ̂(q̂): = ψ ∈ Ψ̂ | δ̂(q̂, ψ)! .
The output of O is the current observer state q̂ ∈ Q̂, so that
the output function η̂: Q̂ → Q̂ is the identity.
Roughly speaking, the function δ̂ is defined for each
pair (q̂, ψ) such that there exist at least a state q̄ ∈ q̂
and a transition from q̄ to q, given by a sequence σsk =
σσ1 · · · σk , such that the resulting output is ψ.
The observer O can be used to solve the following
observation problem.
Definition 1. Given a hybrid system H, the system O is
said to be an observer for the discrete states of H if there
exists an integer K such that
q̂(k) = {q̄}

if q(k) = q̄, ∀k ≥ K

(4)

for every initial state (q0 , x0 ) ∈ Q0 ×X of the hybrid system
H, every continuous input function u, every discrete input
sk = σ1 , · · · , σk .
In [1], [3], [7], [8] conditions are given to characterize
such an observer. Alternatively, one can give a characterization in terms of invariance and attractiveness [6].
Definition 2. A set 6O 6= Q̃ ⊆ Q̂ is invariant with respect
to a function δ̃: Q̃ × Ψ̃ → Q̃, Ψ̃ ⊆ Ψ̂ , if δ̃(q̃, ψ) ∈ Q̃ for all
q̃ ∈ Q̃ and ψ ∈ Ψ̃ such that δ̃(q̃, ψ)!.

Definition 3. A set 6O 6= Q̃ ⊆ Q̂ is attractive with respect

to a function δ̃: Q̃ × Ψ̃ → Q̃, Ψ̃ ⊆ Ψ̂ , if for all q̃ ∈
/ Q̃ there
exists a p ∈ Ψ̃ ∗ with length |p| < ∞ such that δ̃(q̃, p) ∈ Q̃.
Proposition 1. Let Q̃1 = Q̂1 ∩ Q̂ 6= 6O, with

n
o
Q̂1 : = q̂ = {q}, ∀q ∈ Q .

(5)

O is an observer for the discrete states of H if and only if Q̃1
is invariant and attractive with respect to the dynamics of δ̂ .

Proof. Let O be an observer. Since, according to (4), for
any q0 ∈ Q0 , if q(k) = q̄ ∈ δ(q0 , s), ∀ s ∈ Σ ∗ , one has
q̂(k) = δ̂(q̂0 , η(q0 , s, q̄)) = {q̄} ∈ Q̃1 ,

∀k ≥K

i.e. ∀ p = η(q0 , s, q̄) with |p| ≤ k generated by H
δ̂(q̂0 , p) ∈ Q̃1 .
Hence Q̃1 must be attractive. Moreover, again from (4), one
need that
δ̂({q̄}, η(q̄, s, q 0 )) ∈ Q̃1 ,

∀ s ∈ Σ∗

q 0 ∈ δ(q̄, s)!, namely Q̃1 must be invariant.
Conversely, if Q̃1 is attractive and invariant (4) must hold
true for a finite K.
The conditions above are quite intuitive: the first one
requires that O has a state set including some of the
singleton states of Q, and that the discrete event dynamics
do not bring the state out of this set Q̂1 ∩ Q̂ of singletons;
the second one requires that all the evolutions go inside
this set. These conditions are necessary and sufficient for
determining, after a transient, the exact discrete state of H.
C. Extra Information to Recover Observability
When the conditions given in Proposition 1 are violated,
it is not possible to determine the discrete state of H for
k greater than a certain positive integer K, at least with a
pure discrete event–driven observer. This is due to the fact
that either an invariant set Q̃ does not exist, namely δ̂ drives
to a state q̂ = {qi1 , · · · , qir } with cardinality greater than 1,
or this set Q̃ is not attractive.
One way to recover from these cases is to exploit the
knowledge coming from the continuous dynamics to create
further discrete signals (called “signatures”), as proposed
in [1], which provide additional information to discriminate
the discrete locations. Clearly, this extra information must
be “rich enough” to determine an observer.
The task of the signature generator is similar to that of a
fault detection algorithm and is not discussed here (see [14]
for a tutorial). The key point from the observability point
of view is that signatures have to be generated before the
system leaves the discrete state.
This idea is carried out in [1] as follows: appropriate
Luenberger’s observers are designed for each of the continuous dynamics (1). Then, the signatures ψ̄1 , · · · , ψ̄s are
obtained by feeding the observer outputs into a decision
function block. In [1], it is shown how the observer’s gains
have to be chosen so that the signatures are generated within
a finite and fixed time, namely the minimum dwell–time.
Each label ψ̄ ∈ Ψ̄ = {ψ̄1 , · · · , ψ̄s } is characteristics of
a specific location q and is added as output to the arcs
entering q. Hereinafter, we will consider an alternative way
to associate ψ̄ to H.

III. C RITICAL O BSERVERS
As already pointed out, the notion of observability introduced in the previous section does not capture the urgency
of a dangerous situation that may be created by an error
in an ATM system. In this case, we need to identify the
states corresponding to these errors immediately, i.e., K
must be 0. This will be accomplished using the recalled
signature generation mechanism.
Our point of view on the signature generation mechanism
is slightly different from [1]: instead of associating signatures to the transitions, we associate to each state q ∈ Q
an additional output value ψ̄ = h(q) ∈ Ψ̄ depending on
the state q and we suppose that ψ̄ is generated within the
minimum dwell–time ∆m (q). In this way the generation
dynamics is “hidden” inside the delay necessary to generate
ψ̄ = h(q), and we can neglect the signatures generator
dynamics. Note that in general h: Q → Ψ̄ is a partial
function. The signals h(q) can be used to modify the
observer O introduced in (3).
Let us now define qc ∈ Q a critical state for H if it
corresponds to a hazardous operation. Let Qc be the set of
critical states for H. A critical state for H induces the notion
of critical states for the observer O as follows. Consider the
system O defined in (3). We recall that each discrete state
q̂ ∈ Q̂ ⊆ 2Q of O is a non–empty set of states qj1 , · · · , qjr
of H, and we can define its cardinality |q̂| = r.
Definition 4. A state q̂ ∈ Q̂, with cardinality is |q̂| > 1, is

critical for O if q̂ ∩ Qc 6= 6O.

The critical states q̂c ∈ Q̂c can be refined, i.e. partitioned,
by means of the values h(q̄), q̄ ∈ q̂c . Defining as refinement
q̂c |h(q̄) ⊆ q̂c ,

q̄ ∈ q̂c

the subset of states q̄ of q̂c with associated the value h(q̄),
with obviously
[
q̂c |h(q̄) = q̂c
q̄∈q̂

starting from the observer O one can define a new system
Ô where the state transition function, the state set, etc., can
be defined as follows.
Algorithm 1. Let us determine O as in (3).
1) Refine each critical state q̂c ∈ Q̂c with the function h.
2) Enlarge Q̂c to contain those refined states q̂c |h(q̄) containing critical states qc ∈ Qc for H. Redefine Q̂.
3) Redefine the state transition function δ̂ to consider
the transitions in O from the critical states to their
refinements, and from the refinements to the other
states of Q̂c , induced by the function δ .
4) Redefine Ψ̂ , φ̂, η̂ in accordance to the new function δ̂ .
Let Ô be the obtained system.
A more formal definition of Ô is obvious and is therefore
omitted. Nevertheless, note that since the events ψ̄ = h(q)!
are considered as new input events for Ô, the hybrid time
basis is refined because some intervals Ik may be given
by Ik = I1,k ∪ I2,k , with I1,k = [tk , tk + ρk ), I2,k =
[tk + ρk , t0k ), and with ψ̄(k) generated at time tk + ρk ,
where ρk ≤ ∆m (q). If h(q) is not defined, then this means
that ρk ≥ t0k − tk ≥ ∆m (q), i.e. Ik is not refined. With
some abuse of notation, we let q̂(I) be the value of q̂ for
t ∈ I. With this in mind, consider the following.

Definition 5. Given a hybrid system H and a subset Qc ⊆
Q, the system Ô is said to be a critical observer for H with
respect to the set of states Qc if

q̂(Ikε ) = {q̄}

with

∀ q̄ ∈ Qc ,

Ikε = [t0k − ε, t0k ),

∀ k: q(k) = q̄

(6)

for some ε > 0

for every initial state (q0 , x0 ) ∈ Q × X of the hybrid system
H, every continuous input function u, every discrete input
sk = σ1 , · · · , σk .
It is clear that an observer ensuring K–current state
observability with K = 0, or 0–current state observer for
short, is also a critical observer since
q̂(k) = {q̄}

if q(k) = q̄, ∀k ≥ 0.

However, a critical observer is not in general a 0–current
state observer, and therefore represents a generalization of
the 0–current state observer. In fact, according to Proposition 1, the attractiveness of Q̃1 is a necessary condition,
while it is not necessary for a critical observer.
Let us determine when the observer (3) is also a critical
observer.
Proposition 2. The observer (3) is a critical observer for
H if and only if
Q̂c ⊆ Q̂1

with Q̂1 defined as in (5).
Proof. If (3) is a critical observer, (6) is valid. Since ρk ≥
t0k − tk , it is necessary that (6) is valid with Ikε = Ik . This
implies that Q̂c ⊆ Q̂1 . On the contrary, if Q̂c ⊆ Q̂1 then
(6) is valid with Ikε = Ik , i.e. (3) is a critical observer.
When Proposition 2 is violated (3) is not a critical
observer. The following proposition gives a condition under
which Algorithm 1 gives a system Ô that is a critical
observer for H.
Proposition 3. Ô is a critical observer for H with respect
to a set Qc ⊂ Q if and only if for each induced critical state
q̂c ∈ Q̂c
¯
¯ ½1
if q̄ ∈ q̂c ∩ Qc
¯
¯
¡
¢
q̂
|
(7)
¯ c h(q̄) ¯ =
C ≥ 1 if q̄ ∈ q̂c \ q̂c ∩ Qc
for the refinements induced by h.
Proof. If (7) holds, then (6) is valid for Ikε = I2,k , and Ô
is critical for H. Conversely, if Ô is critical for H (6) and
hence (7) holds.
According to Proposition 3, there is an infinite number
of functions h: Q → Ψ̄ that satisfy (7). In particular, one
is interested in the following design problem: determine h
such that the number of refined states for each q̂c ∈ Q̂c
is minimum. This allows to consider “nonzero” signatures
only when it is strictly necessary for the design of the
observer. The criterium used to determine such a function
h will be the violation of Proposition 3.
Proposition 4. Given an observer O as in (3), Algorithm 1
gives a critical observer Ô for H with respect to a set Qc ⊂ Q
if and only if there exists a function h: Q → Ψ̄ such that for
each critical state q̂c ∈ Q̂c (7) holds true with
¯ ¡
¢¯¯
¯
C = ¯qc \ q̂c ∩ Qc ¯.
Proof. Straightforward.

IV. A C ASE S TUDY: THE ACTIVE RUNWAY C ROSSING
S YSTEM
In this section, we consider the example proposed in [19]
and [12], and analyzed in [6], of an active runway crossing
with the intent of testing the applicability of the theoretical
results on critical observers to a realistic ATM situation
for the detection of situation awareness errors. This will be
a sufficiently simple case study that summarizes the main
difficulties in the formulation, analysis and control of a
typical accident risk situation for ATM. The active runway
crossing will be decomposed into various subsystems, each
with hybrid dynamics modeling its specific operations.
The active runway crossing environment consists of a
runway A (with holdings, crossings and exits), a maintenance area and aprons. The crossings connect the aprons
and the maintenance area. Crossings (on both sides) and
holdings have remotely controlled stopbars to access the
runway, and each exit has a fixed stopbar (see Figure 1).
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The following relevant areas can be defined
ΩAp
ΩAW1
ΩAW2
ΩAW3
ΩS1
ΩS2
ΩS3
ΩH1
ΩH2
ΩC1
ΩRWA
ΩM

= {(x, y) | x > a4 , y ∈ [b1 , b6 ]}
= {(x, y) | x ∈ [a3 , a4 ], y ∈ [b1 , b2 ]}
= {(x, y) | x ∈ [a3 , a4 ], y ∈ [b3 , b4 ]}
= {(x, y) | x ∈ [a3 , a4 ], y ∈ [b5 , b6 ]}
= {(x, y) | x ∈ [a2 , a3 ], y ∈ [b1 , b2 ]}
= {(x, y) | x ∈ [a2 , a3 ], y ∈ [b3 , b4 ]}
= {(x, y) | x ∈ [a2 , a3 ], y ∈ [b5 , b6 ]}
= {(x, y) | x ∈ [a1 , a2 ], y ∈ [b1 , b2 ]}
= {(x, y) | x ∈ [a1 , a2 ], y ∈ [b5 , b6 ]}
= {(x, y) | x ∈ [a1 , a2 ], y ∈ [b3 , b4 ]}
= {(x, y) | x ∈ [a1 , a2 ], y ∈ [b1 , b6 ]}
= {(x, y) | x < a1 , y ∈ [b3 , b4 ]}

where “Ap” stands for aprons, “AW ” for airport way, “S”
for stopbar, “H” for holding, “C” for crossing, “RWA ” for
runway A and “M ” for maintenance area.
Humans may not have a correct “Situation Awareness”
(SA) [9], [19]. The consequent errors can then evolve to

create hazardous situations. Our goal is to identify these
errors and possibly correct them before they may cause
catastrophic event. To do so, we need to define Situation
Awareness as follows:
Definition 6. Situation Awareness (SA) is the perception
of elements in the environment within a volume of time
and space, the comprehension of their meaning, and the
projection of their status in the near future. The projection
in the near future of the perception of the actual environment
is referred to as intent SA.
Within an ATM system, Stroeve et al. [19] define an agent
as an entity, such as a human operator or a technical system,
characterized by its SA of the environment. Following [19],
SA can be incomplete or inaccurate, due to three different
situations. An agent may
1) wrongly perceive task–relevant information or miss
them completely;
2) wrongly interpret the perceived information;
3) wrongly predict a future status.
An important source of error that has to be considered
when analyzing multi–agent environments is the propagation of erroneous situation awareness due to agents interactions, e.g. via VHF communication.
A. Agents in an active runway crossing
The runway crossing operation consists of
1) a pilot flying (Pt ) directed to RWA to perform a take
off operation;
2) a pilot flying (Pc ) directed to the M , taxing through
AW2 and the runway crossing C1 ;
3) a ground controller (Cg );
4) a tower controller (Ct );
5) the airport technical support system (AT S).
The pilot Pt proceeds towards the holding area (regular
taxiway) with the intent of completing a take off operation,
while the pilot Pc is approaching the crossing area. The
tower controller Ct and ground controller Cg , with the
aid of visual observation of the runway and VHF communication, respectively, are responsible of granting take
off and crossing, avoiding the use of the runway by two
aircrafts simultaneously. Technical support systems help the
pilots and the controllers to communicate (VHF) and detect
dangerous situations (alerts).
The specific behavior of these agents in the runway
crossing operation can be described as follows
1) Pilot flying of taking off aircraft Pt . Initially Pt executes boarding and waits for start up grant by Cg .
He begins taxiing on AW1 , stops at stopbar S1 and
communicates with the Ct at the reserved frequency
to obtain take off grant. Depending on the response,
Pt waits for grant or executes take off immediately.
Because of a SA error, the take off could be initiated
without grant. For simplicity, we will not consider
this kind of error in this work. When the aircraft is
airborne, he confirms the take off has been completed
to Ct . During take off operations, Pt monitors the
traffic situation on the runway visually and via VHF.
If a crossing aircraft is observed or in reaction to an
emergency braking command by the controller the Pt
starts a braking action and so take off is rejected.
2) Pilot Flying of crossing aircraft Pc . When start up is
granted by Cg , the Pc proceeds on the AW2 and stops
at stopbar S2 . He asks to Cg crossing permission and

crosses when granted. While proceeding towards the
AW , he may have the intent SA that the next AW
point is either a regular taxiway (erroneous intent
SA) or a runway crossing. In the first case, Pc enters
RWA without waiting for crossing permission. In the
second case, Pc could have the SA that crossing is
allowed while it is not. Then, he would enter the
runway performing an unauthorized runway crossing.
The reaction of Pc to the detection of a collision risk,
due to visual observation or a tower controller call, is
an emergency braking action.
3) Ground Controller Cg . Cg is a human operator supported by visual observation and by the ATS system.
He grants start up to both to Pt and Pc , and handles
crossing operations on RWA . If Cg has SA of a
collision risk, Cg specifies an emergency braking
action to the crossing aircraft.
4) Tower Controller Ct . Ct is a human operator supported by visual observation and by the ATS system.
The Ct handles take off operations on RWA . If the Ct
has SA of a collision risk, he specifies an emergency
braking action to the taking off aircraft.
5) ATS system. This is the technical system supporting
the decisions of the controllers, and consists of a
communication system, a runway incursion alert and
a stopbar violation alert.
B. Pilot flying observation problem
The agent Pt can be modelled as a hybrid system HPt ,
see Figure 2 [5], [6]. Referring the reader to [6] for the
complete description of HPt , here we just note that the
input σ1,1 models the start up clearance by Cg , σ1,2 the
command for immediate take off by Ct , σ1,3 the command
to line up and wait by Ct , σ1,4 the take off clearance by
Ct , σ1,5 an emergency braking command by Ct , σ1,6 is
a disturbance that causes a taxi abort, and σ1,7 models
a situation awareness error as a disturbance that causes
an ungranted take off. Moreover, the output ψ1,1 denotes
the start up confirmation to Cg , ψ1,2 the take off request,
ψ1,3 the immediate take off confirmation, ψ1,4 the line–
up and wait confirmation, ψ1,5 the take off confirmation,
ψ1,6 the emergency braking confirmation, ψ1,7 the airborne
confirmation. Note the null output ² corresponding to σ1,6 ,
σ1,7 due to situation awareness errors.
The observer OPt for for HPt is given in Figure 3. It is
clear that OPt violates Proposition 2, and hence it is not a
critical observer for HPt . In fact, the induced critical states
{q1,2 , q1,3 , q1,7 }, {q1,4 , q1,7 }, {q1,6 , q1,7 } have cardinality
greater than 1.
Propositions 3 or 4 can be used to determine a critical
observer for HPt . In particular, using Proposition 4, one
sees that if s1 ∈ ΩRWA a signature r1,1 = h(q1,7 ) is generated to distinguish q1,7 , one gets the critical observer ÔPt ,
see Figure 4. This shows how we can solve the critical
observation problem for Pt .
More complicated critical observation problems, involving the two pilots acting together (or even, more generally, the other agents Cg , Ct , AT S) can be formalized
considering the shuffle product of HPt and HPc [11], and
determining the induced critical states on this new system
H (see [6]).
V. C ONCLUSIONS
We introduced the notion of critical observability for
hybrid systems to solve the problem of error propaga-

q1,3

q1,1
Stand, Boarding,
Ground Comms,
Engines Running

systems that, albeit simple, can create risky situations that
are difficult to discern without the help of automation.
Several failures of complex systems can be traced back to
unforeseen circumstances that are trivial to analyze after
they become visible. We are now investigating some more
complex ATM cases to demonstrate how difficult it is to
enumerate the corner cases of real applications.
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